
 

9 Differential equations
9 lExamp
Exa Population growth
A population grows at

a rate proportional to

the size of the population assumption
t time
P the number of individuals in the

population

doff rate of growth i

Assumption d kP

where K is the proportionality constant

We have Plt O f t

Thus for Kso P t o f t

solution see Example 5.13 PHI Ce
t

then P f ke
t K Ceti KPH

family of solutions
for varying C

St



Putting too we get Pco Ce C

C is the initial population Pco

Many populations have a carrying capacity
M and start decreasing when they hit this
number

dad KP if P is small fuel
DP
DT

0 if P M

daff KPH E G

logistic differential equation

constant solutions Pct 0 and Pet M are

solutions equilibrium solutions
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Definition 9 l First order ODE

A first order ordinary differential equation
is an equation of the form

F x y y
o 141

where F is some arbitrary function
and y is understood to be an unknown

function of x For example

y xy
is of the farm 4 with FG.y.gl y xy
A function fix is called a solution of
the differential equation if G is satisfied
with y fix and y f'G
Example 9.2

show that every member of the family
of functions

Y Kcet
1 cet

is a solution of the differential equation
Y 42 1



Solution
We use the quotient rule to differentiate

y l cetlketl fltcetlf.ee
l c et 2

cet chetttcet cte.tt 2cet
I cet 2 I Cet 2

The right side of the differential equation
becomes

iii il Eff I if tfhtceYIfe
I YEE iI

Therefore for every value of e the given
function is a solution of the differential
equation

Example Initial value problem
Find a solution of the differential equation
Y Hye l that satisfies the initial
condition Y o 2



EE
Substituting the values to and yin

into the formula
Y

I ee t

from Example 7 1.3 we get
2 It Ceo

Lz solves this equation Y tIgee



9.2 Existence and Uniqueness

Exa 4 Direction Fields

suppose we are asked to sketch the graph

of the solution of the initial value

problem
Y Xty Yco

Y x
n

7 is noisiest
O

slope at
G y is x TY

We can also draw short line segments
at a nyyber of points x x with slopexty

Yn n This is called a

I 1 direction field For
instance the einesegma

I through 42 has slope
I 1 12 3



Definition 9.2

suppose we have a first ader differential
equation of the form
c Y FG Y normal farm
where F x y is a continuous function of
both its arguments simultaneously in some domain

D of the x y plane
The slope of the solution curve through G y
is F G y Indicating such slopes on the

x y plane in terms of line segments gives
a direction field
A solution or integral of 4 over th interval

Xo EX Ex is a single valued function yCx
with a continuous first derivative Y'Cx
defined on Exo X such that far Xo ex ex

i Cx Xx is in D whence FAYED
is defined

ii Y x F G YG



Definition 9.3 Lipschitz condition

A function Ffx y defined on a domain D

is said to satisfy Lipschitz conditions with
respect to y for the constant K 0 if
for every x y y such that Cx y G y

are in D

I F x y FAYall E K ly Yal 2

Theorem 9 1

If the function FG y is continuous in both

of its arguments and satisfies the Lipschitz
condition for y on the rectangle

R Ix x Ea ly Yo Eb

then there exists a unique solution to the
initial value problem

y F X y Y Xo Yo

defined on the interval Ix x Ich where

h min a BIM M max IFK y G y e R



Remark 9.1

In other words two integral curves cannot
meet a intersect at any point of R
Observe that without the additional requireman
of a Lipschitz condition uniqueness need
not follow For consider the differential
equation

dy
DT y

f x y 115 is continuous at o.o But there

are two solutions passing through cool

namely
i Y 0

ii 7 Ex x o

Y e O X E O

Y does not satisfy the Lipschitz
condition at 1 0

for 4 8 Ys S fCY flak
which is unbounded for 8 arbitrarily small



9.3 Solution Methods

Definition 9.4 linear ODES

A general first order ODE is called linear

if it can be written in the form
a G y t a x Y b x i

where aocx atx b x are continuous functions
of on some interval I
Remark 9.2

Equation 47 can be brought to normal form

if a Cx 0 on Ii

Y of play 2

where pix a
a x

9Cx BGL
Go x

Definition 9.5 linear homogeneous eg
A linear first order ODE is homogeneous if
967 0 namely

dy
dy t PHY O 3

Equation 27 is their called linear inhomogeneous



Yet now pix be continuous or an interval

I c R and let JCR be closed Then

F x y e p y is continuous in and

satisfies the Lipschitz condition in you

the rectangular area R IxJ
9 I
7 unique solution to G with

Y Xo Yo for Go E Ix J
Proposition 9 l

The solutions to 137 are parametrized by
Y I C e

ftp.cxldx

where C e IR is fixed through the initial
value

Proof
Equation 3 can be rewritten as

YET da loglytal pH
Integration then gives

logly I fpG7dx C

or y I C e
SP d

C D O I



we next want to solve the general case
namely

t PHY gIx inhomogeneous
case

Multiplication with a factor next to gives

ukdykxltulxlplxlylx ncxg.CA 4

Now choose µCx7 such that
n x p mix

i e mix satisfies the linear homogeneous eat
solution given by Prop 9 l

eq 4 becomes

1 uhh Xx mix gCx 5

Integration gives
nextY Jeux qCx dx C

with C an arbitrary constant Solving fax
we then arrive at the following
Proposition 9.2

Y Jeux dx t Yplx t Yuk 6
particular homogeneous



is a solution to the linear inhomogeneous
ODE 127 if nd is a solution to the

homogeneous ODE n'Cx p mix

Remark 9.3

Again by Th 9 l the solution 6 is

unique once C is fixed using the
initial value YCxo Yo


